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LEMMA2. Let P i (  / d ) ( w ) ( i  = 1 , 2 )  be two rcd's for P on B given d ,  and 
assume that @ @  
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3. Proper rcd's. For our investigation of the received theory of condi- 
tional probability, the central concept comes from important works by Black- 
well and Ryll-Nardzewski (1963) and Blackwell and Dubins (1975). 

DEFINITION An rcd P(.  d )  on @ given ,d is proper at the point w if4. I 
P(A I d ) ( w )  = 1whenever w E A E d .  Say that P (  I d )  on @ given d ,  is 
improper at w otherwise. An rcd P(. / d )  on @ given d isproper if it is proper 6 p r o 7 7 . 1 9 9 7  _ L a b e l  < < / M C I D  5  5 k s  6 9  T c  1 1 . 1 0 . 5  3 1 1 . 2 8  5 6 0  T c  1 . 8 1 4  0  T  0  0  1 0 m  i s  W Tf�c 190 Tc 8.8a5 0 0 9.625 231.842c 17.625 7 565.2004 25 0 0 9.j�-0.022 i 565. 1 Tf�0-m43 171.5 3swhenle.8c 4.41 0.5�(W Tf�ui� 589.435510.5 311.598�(d) )10 Tc 8.8w,)f�11R9.875 pt F1375 113.28tis iui720 Tc 8.8function565. 1 Tf�0-m43.6tq�0.0659evaluate Tm�(@ )Tj�/T1_0-2706181.5 Tc 11. Tm�(1.375 0 0 Tc 4.308eC35Tv 0 9.37�0.j�/5.011 Tc 11.375 0 0 10.5 18875.83395 �0.j�/5.011 canno10.5 311.5875 ptc 11�-0.022 be0 10m )Tj�0.054a0.5 311.28use Tm�(@ )T875 ptc Td�(is )5mas0 10m point 

d. @  p o i n t  1 j � 2 s 5 1 9 0 . 0 3 3  T c  0 . 8 4 4  0  8 6  0  9 6 5  � 0 . j � / 5 . 0 1 1  c o T j � - . 5  3 1 3 c  4 2 7 5 . 5  T 2 9 . 0 6 5 9 e n c e 8 1 . 1 1 9 7  5 7 7 . 1 9 9 7  T m / T 1 _ 0  1  T f � 0 . 5 0 5 5  T c  1 T 1 _ 0  1 4 9 4 . 8  1 2 . 5  0 - 6 n 1 1 . d e  T m � ( @ 1 1 . 5 8 7 5  p t 3 T c  8 1 4  0  T  b 7 . 1 9 9 7  T m j � 2 s 5 1 9  3 t q � 0 . 0 6 5 9 d e F i n e t t i 0  1 0 m  ) T j � 0 . 0 5 u i � 9  5 8 9 . 4 3 5 ( f � 0 4 g i v e n  f � 5 4 g i . 0  1 0 . 0 4  2 5  0  0 3  T 2  5 8 9 . 4 3 5 T h 0  0  1 0 . 0 4  1 . 7 5  0 c   5 8 9 . 4 3 5 i s , T m � ( @ 1 1 . 5 8 7 5  p t 9  2 6 0  T c  8 . 8 w 0 . 0 4 4  3 ) T j � 2 s 5 1 9  4 7 � ( w e l l  ) u . d e r s t a n d s  I  i u i 7 0 9 0 4 7 5  3 J f u n c t i o n 5 6 5 .  1  T 2 5  0  0 3  6 2 7 5  1 1 3 . 2 8  5 6 5 . 2 . 6 2 5  2 3 1 . 8 4 0 1  5 8 9 . 4 3 5 s u p p o r t e  T m � ( @ 1 1 . 5 8 7 5  p t  b 7 . 1 9 9 7  T m 2 5  0  0 5 5  7 5  1 1 3 . 2 8 t i s  ) T j � / T 1 _ 9  3 2 7 5  1 1 3 . 2 c o n d i t i o n i n g 5 6 5 . 2 . 6 2 5  2 3 1 . 4 . 4 9 0  T c  8 . 8 e 9 8  t . 0  1 0 m 0 0 . 0 5 2 5 7 6 4 5 8 9 . 4 3 5 C o n d i t i o n i n g 5 6 5 . 2 T j � 2 1 . 7 5  0 5 5  4 7 5  1 1 3 . 2 o n 5 6 5 .  1  T f � 0 - m 4 9  2 6 0  T c  8 . 8 a s  
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improper. That is, an  rcd is maximally improper if, with respect to its measure 
completion, it is almost surely maximally improper. 

EXAMPLE2 (Example 1continued). Evidently, rcd PI(.  I &)(w) is every-
where proper. However, rcd P2(.I ,&)(w) is maximally improper! 

In light of Theorem 1, if an  rcd P( .  I d )  exists, then when d is countably 
generated, almost surely the rcd is proper. That is, then the extent of its im-
propriety is 0 and impropriety is restricted to a P-null set, at  most. Blackwell 
[(1955), page 61 asked whether this null set can be reduced to the empty set 
when @ is a Lusin space. Blackwell and Ryll-Nardzewski (1963) establish 
that the answer is negative when & is the a-field generated by a real-valued 
random variable whose range is not a Bore1 set. We discuss their result in the 
next se Td�(Blackwell )Tj�0.068 T97 503.0398 Tm. 0 Td�(negative s)Tj�0.04557 Tc 1.018 T97 503.0398 Tm.32.5n(negative4 Tc 1.026 0y3j�3.491 0 Td�(varn0687043 Td�(pr(se Td�(Blackwel8 0 1.942 0 Tonegative )Tj�3.8611.375 0 Tnon-mea Tdhose )Tj�0negative47ve 51.702 0 Td(negative )Tj�3.8687�0 Tc 17.25 0 0 1 Td�(varn06850.68 0 Td�(answer )Tdzewski )0.743 0 Tdcondi 503ing43 Td�(next )Tj�j�341.3Tc 2.116 0 sub- 0 Td�(generate.0114 Tc 82982 0 Td�(not )Tj�0.0227 Tc 1.701 0 Td�(a-field .0114 Tc 1Td�(is )Ttailj�0.0114 Tc 10 Td�(0 ) Td�(generl )-0 Td�(rcor0227 Tc13 Td�(0 ) Td�(generTj�0.0114 Tc 13.68 0 Td�(its )Tj� )Tj�3.8611.375 0 TsymmeTj�0 1.113 71.702 0 TevTd�s�(We )Tj�0hen )Tj�19Tc 1.7c 2.116 0 Nowwell )Tj�0.0)-0 Td�(rcforits )Tj� )Tj�3.86410 Td�(rcour0398 Tm. 0 Td�( )0.743 0 TdcTd�ralits )Tj� )Tj�3.68 81.942 0 TdeTd�m0398 Tm. 0 Td�(ne73Tc 2.989 bou(in )Tj�0.0568 Tc 575701 0 Td�(a-field  0 Td�( )0.743 0 Td 0 Td�(of )Tj�0.0114 Tc  0 Td�(rc�(its )Tj� )Tj�3.636 0 Td�(a .236 0 Td�(is )TTj�0.0114 Tc 003.0398 T�(its )Tj�3.636 Tc 2.989d�('s.nswer )Tdzewski2. Td�(0 )G51 0-ts )Tj�3.-2@ )44 Tc 2.116 0 ally.0398 Tm. 0 Td�(8687�0 Tc 17.25 0 0 1 Td�(varn06848extent )Tj�-0.06 )Tdzewski )59 1.702 0 ufficiTd�(of )4Td�843 0 Tdcondi 503(of )Tj�0.0455 T4Td�843 0 Td�(its )Tj� )Tj�3.636-0 Td�(rcTdeTd�m0398 3.9 Tc 3.2732P-null )Tj�2.968 67982 0 Td�(restrict )Tj�3.636-0 Td�(rcs)Tjs Tdd, 'sin restric996 �3.636usin [(1955)0.05491 0 Td�(varitd�m(discuss )Tj�0.06848extent )36 babili�(is )TTj�0.0227 Tc 9c 1.702 0o 0 0 9.5 211.9197 503.0398 Tm�(& )Tj149011 394.32.57 Tc 11 0 0 10.5 225.84040.0227 T8 Tm�(is )T161 19 1 394.32.57 Tc Td�(the )Tj�dzewski by a 8622982 0 Tdany43 Td�([(19558683982 0 Td&-atoms.nswer40 1Tc 3.273An0227 Tc5 0 Td�(bere(generat30.747 Tc 1.571 0 TdP(0 0 9.5 211.9197 503.j�Tm�(ine7)T393.0041 394.32.57 Tc Iis )TTj�0.0 Td�(82egTj�Tm�(is )T397 6791 394.32.57 Tc 1�(estab 10.5 225.84227 T8 Tm�(is )T52.32.57gat2 Tte )Tj�forits ) negTj�Tm�(is )Tj�69.0041 3at2 Tte )Tj�Pdiscu- )Tdzewski 8 Tm�(is )T80 40.57gat2 Tte @ @ [(195588 Tm�(is )T149011 3at2 Tte negativ1023 0 Tc 56usin 
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of a "fair" coin; that is, P(0 x (0, l ) x  . . .) = P ( l  x (0, l ) x  . . .) = 112 , etc. 
Let d be the tail a-field for this process. Then, by the Kolmogorov 0-1 law, 
for each A E ,&, P(A) = 0 or P(A) = 1.The ,&-atoms, a ,  are countable sets 
of points, where mi, w E a if and only if they differ in at most finitely many 
places. These ,&-atoms belong to the tail field, a E &.Since each d-atom is 
a countable set, P(a)  = 0; hence, P is not supported by any of its d-atoms. 
With P(. I d)= P(.) the rcd on @, given &,we have that for each &-atom, 
a ,  P{w : P(a I d) (w)  = 0) = 1. In particular, P{w : P(a(w) I d ) ( w )  = 0) = 1, 
and this rcd is maximally improper. The example has a natural generalization 
to i.i.d, binomial "weighted" coin flipping. P , ( l  x (0, I )  x . . .) = 8, for 0 < 6 < 1, 
which we pursue in Corollary 2 for symmetric measures. 

EXAMPLE4 [see Billingsley (1995)) Example 33.111. Let R = [O, 11, let 
@ = the Borel subsets of R, and let P be Le0 9.75 90 544.3198 Tm�(: )Tj�/T1op875 66.959m�(P )T31_0c -30.9524,01dd0 1 Tf�0.1538 Tc et65597 Tm�(e)Tj�0.022 T0390 544.314072 0 Td�(2 )Tj�-0.011 Tc 0.76 0 T63 Tc 10 Td�(x )Tj�/T1_1 1 Tf1a0 Td�(we 86�0.022 Tc 1. 1.-a-field314072 0x )Tj�0.Tc 0c 1.308 0 Td�(and ial )Tj�3Tc 1.308  Tdj�/T1op875 66c 1.308 countabl -30.9524,01dd0 12j�-0.022 94 0 Td�((P,(l )Tj�0.022co-countabl -30.9524,01dd0whi-0.011 T076 0 Td�nd ial )Tj�87-0.011 Tin.125 0 0 9.875 5w 
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a measurable set. Thus P assigns equal probability to each of the countably 
many disjoint sets perj(Vl, l )  = Vl, j. We can say more. Let V, = U V,, j. 
Then P(V1) = 0. Moreover, we see that V1 is an uncountable union of d -
atoms a,, V1 = Ua,, where each such &-atom a, is a subset of a distinct 
6 -a tom el,, and where each €l-atom has one such an &-atom as its witness. 
Let Al = A - V1. 

We iterate the application of Theorem 6 by induction through a countable 
set of countable ordinal as follows, until we arrive at  a stage E where X, = 0. 

For a successor ordinals /3 + 1set Xp+, = Yp+l = Ap Let .@p+l= .@/Ap 

and Gp+l = &*/Ap. Let ,up+,(+,w) = P $ g f L y ) ( w )  for w E A p  Last, let 
Sp+,= {(w', w) : w1 E cp + l(w) and w E Ap). 

For y a countable limit ordinal, define the respective sets by intersections in 
the usual fashion for such constructions, as follows. With p < y, let X, = Y, = 

P( ,AY)l o/*)(w)forA, = f' A,,. Set @, = @/A, and 8, = &YAY.Let py(.,w) = , ~ , y ) l d , )  

w E Ay. Last, let S, = {(wl,w) : w' E c,(w) and w E A,). 
In the former case we obtain a €p+l-measurable selection function gp+l 

(cp+,(w)) that picks out one element from each %+,-atom cp+,(w) for each 
w E Ap. Let Vp+l,l be the range of this function. Then, P(Vp+l,l) = 0, and 
with Vp+l = U j  Vp+l,j, we have also P(Vp+,) = 0. In the latter case, the 
same argument leads to the conclusion that P(V,) = 0. However, as each 
atom a* contains a finite or a t  most denumerable union of d-atoms from A, 
this process exhausts A after some countable number of iterations. That is, 
there exists a countable ordinal [ such that A = Upxi VP. This completes the 
proof as 0 < P(A) = P(Up,l Vp) = Cp,[ P(Vp) = 0, a contradiction. Hence, 
P (F )  = 0, and P's rcd cannot be even modestly proper over a set of positive-

P-measure, given the symmetric field d .  

COROLLARY3�/T1_0 1 Tf�0.090c -29.781 i291 .0227 Tc 11 0 Td�(a )Tj(Vp(A) )Tj�/T1_1094 0 Td�(A )Tj_0 1 Tf2p�/T1_1 1 Tf�0 Tc0Tc 1.3Tc 3.36 0 ,2ns. )Tj�0.05c -29.781 nndit p r f 2 p � / T 1 _ 1  1  T f � 0  T d � ( c o u n t 0 . 0 4 5 5  T c  3 . 4 4 0 2 j � / T 1 _ 1  n o 2 . 1 6  0  3 � ( a t  ) T j � e x t e n -  0  , 2 n s .  ) T j � 0 c  2 . 2 6 2  0  T d � ( a r g u m e j � 0 . 1 0 2 3  T c  1 . 1 5 6  0 T d � ( s e t  ) T j � / T 1 _ 1  1  T f � 2 9 . 2 ) T j _ 0  1  T f 2 p � / T 1 _ 1  T d � ( a  ) T  T d � ( f i e l d  ) T j � 0 . 4 8 8 6  T c  T c  4 . 6 9 1   T 6 2 j � / T 1 _ 1  � 2 . b a b i l i t y 1 _ 1  1  T f � 2 9 1 3 . p , [  3 _ 1  T e t  Up5ch 
C O R O L h j � 0 . 0 3 4 1  T c  - 3 0 . 7 6 4 8 1 5  0  0  5 . 7 5  5 5 . 1 9 R Y e x i s l o w 3 8  0  T d � 9 1 .  s y m m e t r b r d i T c  - 1 5  T c 1 .  f i e l d  e b l e  

C O R O L n o



1623 IMPROPER CONDITIONAL DISTRIBUTIONS 

the sub-a-field is not countably generated, the door is opened to the possi- 
bility that almost surely P(a(w) I d*) (w)= 0, a situation we call maximally 
improper. We offer sufficient conditions for an rcd to be maximally improper 
and show that they obtain in some familiar cases, e.g., given the tail a-field 
of a mixture of i.i.d. processes and given the a-field of symmetric events for 
symmetric probabilites. 

Insofar as the anomalous sub-a-fields involve conditioning on (countable) 
Borel sets, we believe that it is unlikely that a minor variation in the theory 
of rcd's can avoid impropriety in its 

http:P(.la,-)
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